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Results are given of a theoretical analysis of an adiabatic gas flow in a plane-parallel channel near the

critical point. It is shown that the velocity profile ahead of the critical point must fill out, and that the
mean velocity at the critical section exceeds the velocity of sound.

Consider a steady adiabatic subsonic gas flow at Pr= 1 in a plane-parallel channel. We use the following refer-
ence values: length, h; limiting flow velocity, w;; stagnation temperature; stagnation density and pressure at the chan-
nel inlet, pgis Pojs the gas constant R for the entropy per unit mass and the value Zhp,jwj for mass flow, Then all the
quantities will be dimensionless.

We denote the longitudinal and transverse velocity components by u and v, respectively, and put VE=u? 42

As the stagnation temperature is constant, we have
T = 1 — V2. (1)
The pressure, density, and temperature of the gas are related by the equation of state
p=pT. @

Let us examine the variation of entropy s along a certain stream-line. It is convenient to use a curvilinear system
of coordinates, along the stream-lines and at right angles to them.

The position of an arbitrary point M is determined by the length o, calculated from the inlet section of the chan-
nel along the stream-line passing through M, and the length I at right angles, calculated from one wall of the channel.

Taking the heat capacity of the gas to be constant, from the first law of thermodynamics we have

o __ 1o k10T ®
da p Og k—1 T 0s
or, taking into account (2) and (1)
Os 1 a 2 |24
e ety vt - )
6 p do k—1 1—V? 0o
In this coordinate system the equation of continuity takes the form
1 0o 1 9V Jdeo (5)
—_ . 2 < =0,
p 0do + V 0ds * 0%

where tgy = u/v.
1fd¢ A% > 0 at a certain point, the stream-lines diverge there, and if 3¢ /0T < 0 the stream-lines converge.
Using (5), we may put (4) in the form

O _ 1=+ DVE—) OV 4 Og ®
ds V({l—Vy ds = 3z

From the second law of thermodynamics 8s/dc = 0, since we are considering a thermally insulated flow.

It follows from (6) that the subsonic velocity vE< (k — 1)/(k + 1) increases when 8¢ /% < 3s/do. If the velocity V
exceeds the velocity of sound, then it may increase further only if 8¢ /X > 95/00 = 0, i.e., if the stream-lines diverge.

As the criticalspeed isapproached, the one-dimensional theory and also experiment [1, 2]indicate that the meanve-
locity increases, approaching the speed of sound. Since the velocity is zero at the wall, as the critical point is approach-
ed, the velocity near the channel axis must increase and be greater than the speed of sound. Therefore near the channel
axis the stream-lines must diverge.
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Taking limiting conditions sufficiently accurate for this case
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we shall show that the velocity profile fills out as the critical point is approached.

Bearing in mind that because of (7}

0 _ud v 0
ds  V ox V dy  ox’
and using (1), we find from (3) the approximation
O 1 dp 2% u Ou ®)
dx p d« k—1 T do’
or
p o _dp 2k ( LI 6_u)
ax dx k—1 Ox oy

From the last equation, using the usual methods of boundary layer theory, we obtain the integral relation

1

d dp 28 d
— \sdy = ——-"F— — — = wd
pdx Y dx E—1 dx puay.
¢}

0

Here it is necessary to use the equation of continuity.

Introducing the mean mass velocity

2 S‘ 2
w=-— \ putdy,
Q.
| 0
where Q = 2 j pudy, ‘it is easy to obtain
§
L +~__Q -|—p— sdy 0. )
de  k—1
Assuming in (8) that ,Qi = —ai ywe have
Jdo dx
dp k__pe Ou 05 (10)
dx‘+k——1 1 —u?* Ox +p6x '

with the given conditions steady flow can continue until the decreasing ds/dx on one of the stream-lines vanishes,
In accordance with (6), this means that on this stream-line conditions are such that transition through the velocity of
sound is not possible.

It follows from the measured pressure distribution on the wall of the tube [1, 2] that approach to the critical point
is accompanied by a sharp increase in the absolute value of the pressure gradient. It is easy to show by the methods of
one-dimensional gas dynamics, that, on the stream-line on which a local critical point occurs, dp/do = — at that
time. Taking this into account, and also condition (7), we shall assume that dp/dx = —w at the critical moment. In
fact, of course, the phenomenon of criticality is considerably more complex. The model proposed differs from the
usual one in that the possibility of distortion of the velocity profile is admitted. Here again, as in the one-dimensional
model and in that based on boundary layer theory, the influence of transverse pressure gradients is not taken into ac-
count. A more rigorous analysis of this very complex problem is difficult.

d - s
Our calculations, and those in [4], show that the quantity —d? sdy decreases as the critical point is approach-
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At the critical moment therefore, the derivative ds/dx must be finite on all the stream-lines except at the walls.

Writing (10) for the channel axis (u = U), we obtain

b, % W W s o
T E D e w TP

On the basis of (8) and (11), we find

v dlw _Lﬁiﬂ_,_l_iﬂ_f___k_—_l(_?ﬁ_ 1—U2)£lp_+3
w dx ( U w dx U dx 2k \ Qu pU? dx
Since
1 1 I—U2
Qi - Y T
g puidy P j [w/(1 —u®)]dy
0 §

(the "equals” sign is possible only when u = U), we obtain —éi— (_ﬂ) > 0 as the critical point (-gg- - — oo\ is
X

U

approached. Thus near the critical point the velocity profile must fill out.

Note that the filling out of the velocity profile as the critical point is approached has been observed experimen-
tally [5].

. We shall show that the mean velocity at the critical section is not less than the speed of sound.
Because dS/dx is finite, it follows from (11) that dU/dx ~> « as the critical point is approached.

From (10) and (11), for the critical section we find

o UV _ (12
l—u? OoU 1—-U?
The condition that mass flow is constant gives
1 1
u Q
udy = — 2 dy = — =const.
§ pudy = p 5 TR =
0 :
Therefore

L dp _ L dl

P U 1 U’

where

Taking (12) into account, we obtain

_ 1 d _ 1 v S L+ dy
p dU I 1—U20 u(l—u?
From (10), for the critical section we have
1 dp 2k U

*It follows from (10) that at the walls 8s/0x = —(1/p) (dp/dx).
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Comparing the last two equations, for the critical section, after a small transformation, we have

1 1
u dy dy _k—1
1—u? u(l—u?) B+ 1

% 0

Therefore at the critical section

()|

y
d
Let us replace y by the new variable 2z = 5‘—1———41/——; Then
— U
0
1 2y 2z 2y

— 2
(e )
+1 -\

oL..——j

udz \)—2 — (Soudz )(S [Y/ul dz )_1 . (13)
/
0

0

where

Using the Bunyakovskii inequality

b b b
j e2dz j. idz > (j @Lpdz)z
a a a
we obtain
23 2y
2 ( [wdz) (| udz)*
0
Therefore
2y . a 2 2y 3 2y ES
(y 1z —dﬁ > ( udz) ~1— “udz _d_z_ . (14)
u 2 ) u
0 0 0 0 0
We shall show that
21 F4

2y 1
dz dz
Ifu=U, then A=1 If —— diverges, A> 1, Let j‘— converge and u = U. We choose a function f= Uz™ such
2 H
0 0

that
2 2y
dz  (dz
f u
0 0
Because of the convexity of the velocity profile, we must have 0 =m < 1. Since for z = z; from the symmetry of the
. 9 (1 o (1 _
velocity profile —— [ — ] == O and = (—- < 0 the curves 1/f and 1/u intersect at some z = zg, for 1/u > 1/f at
u 4

(0, zg) and for 1/u < 1/f at (zg, z;) (Fig. 1).
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Therefore, taking into account the increase in fu with increase in z, and denoting ful, = z, by (fu), we obtain
Za

S(f"”)dy = j‘%%«%) dy<(fu)o§(—;— - —}1;) dy =

21

=(fu)og (% - -i—) dy<j:fu(—;— —iu)dy ~ i(u—f)dy

2y 2

Consequently,
F2Y 213
5 fdy < 5 udy .
4 8

Therefore
21 21 l

A> L iy (22 -
z %) f l'— m?

0 0

Fig. 1. Curves {schematic) of the :
functions 1/u (1) and 1/f=Uz™ (2).  This inequality, together with (13) and (14), gives
k—1
k41
Thus, the mean velocity at the critical moment must exceed the velocity of sound, It can equal the velocity of sound
only when the velocity profile is completely filled out.

w? >

Let us estimate the gas velocity at which the velocity profile begins to be fill out, approximating the velocity pro-
file by the relation

u=Um)" ,
y
where = j ody is the Dorodnitsyn variable®.
0

At the velocities considered, this profile differs little from the usual power law u = Uy", and, moreover, it means
that the relations can be simple.

From the mass flow equation we have

Unvwn\ ‘
Lo fputy = 1Y K1
S ntl “l \\
1 M.
d as
where the value 7, is determined from the equation S an 1, \ 2
p \\ :
0 a ~ ~J
from which
L g al @2 @m0 n
1 — = p ?
Yh( 2n—+1 ) v
and consequently Fig. 2. Up(1) and wp(2) as functions
of n for Ay = 0. When U = Up(w =
. = wp) the velocity profile fills out.
p~—”+1 2n +1--0U% Q (15)

U  2n+1 2

*Although this profile has a cusp on the axis, it should not lead to appreciable error: the profile is used only in the
mass flow equation, where it appears under the integral sign. '
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. 1 d
Hence, obtaining the value — o and substituting it in (11), we have

p dx
v dn dS
ALY gl 8
Ve T ax | dx (1)

where

ok 3] k— 1
Ut — 1 ‘ U2 2 1
w+& S ”) t ey Bt

U(1—U%)@2n+1—U?
(2n+ 12402
(r+1D@n+1)(2n+1-0U7)

A1:

Ay =

The quantity A, is always positive, Since dS/dx = 0, at small velocities, when Ay > 0, increase in U is possible for con-
stant or even increasing n. At a certain velocity U = Uy, always less than the velocity of sound (Fig. 2), A, vanishes.
Then, on the basis of (16), we must have dn/dx < 0, i.e., the velocity profile must fill out. Thus, the velocity profile
must begin to fill out no later than the time when U reaches the value U, at which Ay(Up, n) = 0. As the critical point
is approached at the same time as dU/dx — =, we see from (16) that dn/dx — —wo, i.e., the velocity profile very
quickly fills out ahead of the critical point, which agrees qualitatively with the results of measurements [5].

NOTATION

2h — channel width, w — flow velocity; T — stagnation temperature; Q — mass flow rate of gas; S — entropy at
channel axis; B — some finite quantity.
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